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Abstract. The Large Deviations Principle (LDP) is verified for a ho- 
mogeneous diffusion process with respect to a Brownian motion Bt, 



X e t =x + / b{X E s )ds + e / a{X e s )dB s , 
Jo Jo 

where b(x) and <j(x) are are locally Lipschitz functions with super linear 
growth. We assume that the drift is directed towards the origin and 
the growth rates of the drift and diffusion terms are properly balanced. 
Nonsingularity of a = ati*(x) is not required. 



1. Introduction 

In this paper we extend the set of conditions, under which Freidlin- 
Wentzell's Large Deviation Principle (LDP) for a homogeneous diffusion 
process remains valid. We consider a family {(Xf )j>o} e -^o of diffusions, 
where Xf G d > 1 is defined by the Ito equation 

Xf = x + f b{X £ s )ds + e [ a(X £ s )dB s , (1.1) 
Jo Jo 

relative to a standard Brownian motion Bt, where b(x) and o~(x) are vector 
and matrix valued continuous functions of dimensions d and d x d respec- 
tively, guaranteeing existence of the unique weak solution. 

The classical Freidlin-Wentzell setting [8] (see e.g. Dembo and Zeitouni, 
[4]) covers the model (1.1) with bounded b(x) and a(x) and uniformly pos- 
itive definite diffusion matrix a(x) = aa*(x). Various LDP versions can 
be found in Dupuis and Ellis [5], Feng [6], Feng and Kurtz [7], Friedman 
[9], Liptser and Pukhalskii, [12], Mikami [15], Narita [16], Stroock [23], Ren 
and Zhang [22]. In the recent paper [19], Puhalskii extends LDP to (1.1) 
with continuous and unbounded coefficients and singular a{x), assuming 
b{x) and a{x) are Lipschitz continuous functions (concerning singular o~{x) 
see also Liptser et al, [14]). Being Lipschitz continuous, the entries of b, a 
grow not faster than linearly and, thereby, automatically guarantee one of 
the necessary conditions for LDP (|| • || denotes the Euclidean norm in 



lim lime 2 log Pf sup||X e [| > c) = -oo, V T > 0. (1.2) 

Relinquishing the linear growth condition for b, a would require additional 
assumptions providing (1.2). 

This paper is inspired by Puhalskii's remark in [19]: 
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If the drift is directed towards the origin, then no restrictions 
are needed on the growth rate of the drift coefficient. 

In particular, in this case the LDP holds, regardless of the growth rate of 
b(x), for a constant diffusion matrix (not necessarily nonsingular). 

In this paper, we show that in fact LDP remains valid for (1.1) with non- 
constant diffusion term, if its growth rate is properly balanced relatively to 
the drift (see (H-3) of Theorem 2.1 below). Our result is formulated in terms 
of Khasminskii-Veretennikov's condition (H-2) (see [11] and [17], [18]) 

The rest of the paper is organized as follows. In Sections 2 and 3, the 
main result, notations and preliminary facts on the LDP are given. Sections 
4-6 contain the proof of the main result. Auxiliary technical details are 
gathered in Appendices A - C. 

2. Notations and the main result 

The following notations and conventions are used through the paper. 

- * denotes the transposition symbol 

- all vectors are columns (unless explicitly stated otherwise) 

- \x\ and ||x|| denote the l\ and £2 (Euclidian) norms of x G M d 

- ((x, y)) denotes the scalar product of x, y G M. d 

- ||x||p = ((x,Tx)} with an nonnegative definite matrix F 

- a(x) = a{x)a*(x) 

- a®{x) denotes the Moore- Penrose pseudoinverse matrix of a(x) (see 
[1]) 

- W(x) is the gradient (row) vector of V(x): 

- (M, N) t is the joint quadratic variation process of continuous mar- 
tingales M t and N t ; for brevity (M,M) t = (M) t 

- a.s. abbreviates "almost surely"; when the corresponding measure 
is not specified the Lebesgue measure on R + is understood 

- q is the locally uniform metric on Cr 0iOO )(M d ) 

- I denotes d x d identity matrix 

- the convention 0/0 = is kept throughout 

- A- = (A7) t > 

- inf{0} = 00. 

We study the LDP for the family {X £ } £ ^q in the metric space (C[ 0iOO ) (M d ), g) 
with g(x,y) = Y%Li 2- fe (lVsupi< fc \\x t -y t ||) , x, y G C [0jOo) (IR d ). Recall that 
{X 6 } £ ^q satisfies the LDP with the good rate function J(u) : C[o j0 o)(^) l— ^ 
[0,oo] and the rate e 2 , if the level sets of J{u) are compacts and for any 
closed set F and open set G in C[ 0iOO )(M a! ), 

Ihue 2 logP(A £ £ F) < - inf J(u), 
lime 2 logP(A £ G G) > - inf J(u). 
Our main result is 
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Theorem 2.1. Assume: 
(H-l) entries of b(x) and a(x) are locally Lipschitz continuous functions, 

(H . 2)lim|H| _«^ = _ 00 , 

ll x ll 

\(x aixixi) 

(H-3) for some positive constants K and L, - — r—^- — < K, V llxll > 

IMI \((x,b(x)))\ 

L. 

Then {X^} £ ^q obeys the LDP in the metric space (C[o i00 )(K rf ), g) with the 
rate e 2 and the rate function 

J{u) = {^^\\^-b{u t )\\ 2 aHut) dt, ueF 

1 oo, u ^ r, 

where 

_ J _ ti = xo, du t <^dt, J °° \\u t \\ 2 dt < oo "i 

- ^« e ^ [0 ,oo) • a(nt)a e (nt)[ ^ _ 6(ut) ] = [it _ 6(ut) ] a . s . j- 

Remark 2.1. In the scalar case (recall 0/0=0) 

{1 roo (^ — b(ut)) 2 r oo 9 

2 ^° a 2 (tt ) = U *' U ° = X °' ^° < °° 

oo, otherwise. 

Example 2.1. A typical example within the scope of Theorem 2.1 is 

Xt = x - f(X e s fds + e f \Xlf 2 dB s . 
Jo Jo 



3. Preliminaries 

We follow the framework, set up by A.Puhalskii (see [20], [21]): 



Exponential tightness 
Local LDP 



LDP 



The exponential tightness in the metric space (C[o j00 ),f?) is convenient to 
verify in terms of, so called, C- exponential tightness conditions introduced 
by A.Puhalskii (see e.g. [12]), which are based on D. Aldous's "stopping 
time and tightness" concept (see [2], [3]). To this end, let us assume that the 
diffusion processes are defined on a stochastic basis (f2, T, F e = {&t)t>o, P), 
satisfying the usual conditions, where the filtration F e may depend on e. 

Recall (see [12]) that the family of diffusion processes is C-exponentially 
tight if for any T > 0, rj > and any F e -stopping time 6, 

lim lhne 2 logP(sup||A t e || > c) = -oo, (3.1) 

C^ooe^O M<T ' 

lim lim e 2 log sup P( sup \\X§ +t - X £ e \\ > rj ) = -oo. (3.2) 
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The family of diffusion processes obeys the local LDP in (C[o i00 )(M' i ), ^) if 
for any T > there exists a local rate function Jt(u) such that 

ihn~Imi"£ 2 logP(sup||Xf - u t \\ < d) < -J T (u) (3.3) 

S^Oe^O \ t<T ' 

hmlime 2 logP(sup||Xf - u t \\ < s) >-J T (u). (3.4) 

Under the conditions (3.1)-(3.4), the family of diffusion processes obeys 
the LDP with the rate e 2 and the good rate function 

J(u) = SUp J T (u), U e C [0 ,oo)(^), 



where 



with 



j T ( u ) = l^o IK " b M\\ 2 a&{ut) dt, uer T 
1 oo, u r T , 



r =/?<(= r • u ° = x °> du t <.dt, fa \\u t \\ 2 dt < oo 1 
T I ^ ^ • a{u t )a®{u t )[u t - b(u t )] = [u t - b(u t )} a.s. J ' 

Thus the proof of Theorem 2.1 is reduced to establishing (3.1) - (3.4). 

4. The proof of C-exponential tightness 

4.1. Auxiliary lemma. Let D be a nonlinear operator acting on continu- 
ously differentiable functions V(x) : M. d — ► M as follows: 

£V» = ((W(i),6(i))) + ^((VV(x),a(x)VV(x)}). 

Lemma 4.1. Assume there exists twice continuously differentiable nonneg- 
ative function V{x) such that 

(a-1) limc_ 00 inf|| :E ||> c .y(x) = oo 
(a-2) for some L > 0, DV(x) < 0, V > L. 
Then (3.1) holds. 

Proof. Notice that (3.1) is equivalent to 

lim Ihn"e 2 logP(6>c< < T) = -oo, (4.1) 

where 

€>c = mf{t : \\X^\\ > C}, C>0 (4.2) 

are stopping times relative to F £ . 

We use (a) of Proposition A.l to estimate log P(6>c < T). An appropriate 
martingale M t e is constructed with the help of function V(x). Let Vij(x) = 

SMj and define 



ty(x) 



fV u (x) V 12 (x) ... V ld (x)\ 
V 21 (x) V 22 (x) ... V 2d (x) 

\V dl (x) V d2 {x) ... V dd {x)J 



e- 2 



+ 



By applying the ltd formula we find that 

r0 c At 

V(X 0cAt ) = e- 2 V(x ) + / e- 2 {(VV(Xl),b(Xl)))ds 

Jo 

rOc^t r0 c At i 

J e- 1 {{VV(XI),a(XI)dB s )) + J - trace ^(X £ s )a(X £ s ))ds. 

We choose Mf = f* e _1 ((W(Xf ), a(X £ s )dB s )), which has the variation pro- 
cess {M £ ) t = f*e- 2 {{VV(X§),a(XI)VV(XI)))ds. Clearly 

M c m = £ M*l C At) ~ e- 2 V(x ) 

p0cAt p0cAt i . . 

- J e- 2 ((VV(Xl),b(Xl)))ds- J -trace (*(X e 8 )a(X e a ))ds. 
Hence, by the definition of D, one gets 
M e C AT - l(M £ ) ecAT = e- 2 V(X* 0cAT ) - e- 2 V(x ) 

[•0C AT i r c AT 

-jf -trace (*(X|)a(X|))da - jf r 2 3y(I s £ )&. (4.3) 

On the set {©c < T}, we have 

e-V(X| oAT ) - e- 2 V(x ) > e- 2 inf V(x) - e- 2 V(x ), 

\\x\\>C 

and 

I-0CAT -y rp 

I -trace hf(X £ s )a(X e ))ds <— sup I trace (*(x)a(x)) I, 

JO 2 2 ||x||<C 

and, by (a-2), 

- / e- 2 ®V(X £ s )ds 
Jo 

[•0C AT 

> ~ / e- 2 I {llXlll < L} VV(Xl)ds > -e 2 T sup \S>V[x)\. 

JO IW|<L 

These inequalities and (4.3) imply 
M &c ~ \{M £ ) 0C > e~ 2 inf " ^M*o) 

z ||x||>C 
T 

-— sup | trace (*(x)a(a:))| - £~ 2 T sup |W(x)| 



\x\\<C \\x\\<L 



on the set {0c < T}. Hence, due to (a) of Proposition A.l 
e 2 logP(0 c <T) < 

Te 2 

- inf V(x) + V(x ) + — sup | trace (tf (x)a(x)) | + T sup |W(x)| 



IWI>C ' ' 2 | N |<c 



||x||<L 



►- inf V(x) + Wx ) + T sup |SWx)| 

£^0 || X ||>C ||x||<L 

and it is left to recall that by (a-1) limc^oo inf ||x||>C V( x ) = oo. □ 
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4.2. The proof of (3.1). We apply Lemma 4.1 to 

v{x) = i + W' 

with a positive parameter c < for K from (H-3) of Theorem 2.1. The 
function V(x) is twice continuously differentiable and satisfies (a-1). It is 
left to show that V{x) satisfies (a-2) as well. 

Direct computations give VV(ar) = C ( 2 +JI^II)INI Denote 



r(x) := 



(i+||x||) 2 TR 
(2 + \\x\\)\\A\ 



{l + \\x\\f 

and notice that r(x) < 1. By assumption (H-2) of Theorem 2.1, one can 
choose L > sufficiently large so that ((x, b(x))) < for any ||x|| > L. On the 
other hand, by assumption (H-3) of Theorem 2.1, -1 + § y J^^ i < -\ 
for ||x|| > L and 



r(x) ,. . ... c 2 r 2 (x) ((x,a(x)x) 



®V(x) = c-jf-ff «x,6(a?)» + 



— c- 



x|| ' 2 ||x|| 2 y 

r(x)|.. . ... , c 2 r 2 (x) ((x, a(x)x) 



■|«x,6(x)))| + 



2 lb 



2 



cr(x) |((x,&(x)))|/_ 1+ c r(x «x,a(x)x); 



2 ^ '||x|| |«x,6(x)))| 



< C r{x) ^ X,b<yX ^ ( - 1 + ° ^' a ( s ) a; )) 



|x|| ^ 2||x|| |((x,6(x)))|y 

'2. *^ 

and (a-2) follows. □ 
4.3. The proof of (3.2). The obvious inclusion 



{ sup \\X$ +t - X$\\ >v\ 
1 t<A ) 

C { sup ||X| +t - Xf || > n, 0c = oo} (J {0 C < t} 



i<A 

reduces the proof to verifying 

lim lim e 2 log sup P ( sup \\Xg +t — X5\\ > r), O c = oo) = -oo (4.4) 

A^Oe^O e < T V t < A J 

for any fixed C. Indeed if (4.4) holds, then 
lim lim e 2 log sup P ( sup ||X| +t — Xa \\ > rj ) 

< lim lim e 2 logsup P( sup — X||| > rj, 6>c = oo) 

A^0e-*0 q< t \ t <A " > 

V lim lime 2 log P(O c < T) 
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and, thus, (3.2) is implied by (4.4) and (4.1). So, it is left to check (4.4) for 
any entry x\ of Xf: 

lim lim e 2 log sup P( sup \xg +t — x%\ > rj, 0c = oo ) = — oo. 

A^Oe^O e < T V t < A J 

A generic entry of Xf satisfies 



x £ t=x £ o+ I l £ s ds + em £ u 
Jo 



where is F e -adapted continuous random process and nit is F £ -continuous 
martingale with (m £ )t = J fids. Since b and a are locally Lipschitz continu- 
ous functions, there is a constant lc, such that |7g> cAt | < lc and fiQ cAt < lc- 
Taking into account that 



I sup / j £ ds > n, 0c = oo > C {; C A > rj\ = 0, for A < r]/lc, 
t<A Je > 

it is left to verify 

lim lim e 2 log sup P( sup \emg +t — em|| > rj, ©c = oo J = — oo. 



A^ue^u e < T \ t < A 

Due to the obvious inclusion 



{ sup \em e e+t - em%\ > n, C = oo} = 
L t<A } 

{ sup \em £ ecA(e+t) - em £ 0cAe \ > rj, C = oo} 
C | sup \em £ 0cA(e+t) - em £ 0cAd \ > r,}, 



— oo. 



t<A 

we shall verify 

EE,' log su P P( SUP | Em | oA( , +() - £ ™| oA ,| > , 

A^Oe^O e < T V t < A o v ; 

Notice that n\ := £rn |) cA (6i +t ) ~~ £ni 0cAg is a continuous martingale relative 

t° (^0 c Ae+t)t>o (^e e.g. Ch. 4, §7 in [13]) with (n £ ) t = e 2 j^ +t) fids < 
e 2 lct. By the statement (d) of Proposition A.l, P(sup t<A |nf| > rj) < 
2e -r, 2 /(2/ c e 2 A) ) so that> IinT £ ^ e 2 log P( su Pt < A |nf | > n) < - — ► 

-oo. □ 

5. Local LDP upper bound 

We start with the observation that (3.3) holds if for any T > 

hni Tim e 2 log P ( sup ||Af - u t \\ < 5, C = oo ) < -J T {u), (5.1) 

since by the inclusion 

{ sup \\X £ t - ut\\ < <5} C { sup \\X £ t -ut\\< 6, 0c = oo} [j {©c < t} 
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we have 



lira lim e' 2 log P( sup \\Xf — u t \\ < S) 

< h^hniVlogPf sup\\Xf - u t \\ < 6, C = oo)\J Inn e 2 log P(6> c < T), 

5— >0e^0 ^ t<T ' 

and, by (4.1), the last term goes to — oo as C — > oo. 

We omit the standard proof for uq / xq or du t ^ dt (see, e.g. [4]). The 
rest of the proof is split into several steps. 

5.1. uo = xo, dut <C dt, Jq \\u s \\ 2 ds < oo. Define the set 
21 = { sup \\X^ - ut\\ <S, O c = oo). 

With a continuously differentiable vector-valued function X(s) of the size d, 
let us introduce a continuous local martingale Ut = J {{X(s),ea(X £ )dB s )) 
and its martingale exponential it = e 17 ' -0 ' 5 ^' , where 



(U) t = f t e 2 ((X(s),a(X!)X( S ))}ds. 
Jo 



It is well known that it is a continuous positive local martingale, as well as 
a supermartingale. Consequently, E^x < 1 and, therefore, 



1 > E/{ a }3T- 



(5.2) 



The required upper bound for P(2l) is obtained by estimating it from below 
on 21. Since U t = J* «A(s), dX £ s - b(X £ s )ds)), 



U T - 0.5(U) T = f \{{X(s), dX £ s - b{X 
Jo 1 



)ds) 



-((X(s),a(X!)X( S )))ds 



((X(s),u s -b(u s ))) - -((X( S ),a(u s )X(s))) 

+ f ((X(s),dX £ s -u s ds)) 
Jo 

+ / ((X(s),b(u s )-b(X £ s ))ds 
Jo 

+ [ Y ((Ks), Hu s ) - a(X £ s )]X( S )))ds. 



ds 



(5.3) 



We derive lower bounds on the set 21 for each term in the right hand side of 
(5.3). Applying the ltd formula to ((X(t), Xf — ut}}, and taking into account 
that X s = uq, we find that 



«A(T),^-u T ) 



T ((X(s), dX £ s - u s ds)) + [ T ((X( S ),X £ S - u s ))ds. 



Therefore, 

cT 



/ 

J o 



((A(s),dX| - ti s cte)) 



> 



«A(T),X|-u T )) - [ T ((X( s ),x!-u s ))ds >- ri S, 
Jo 



with r\ := ri(A, T, C) > 0, independent of e. 

Further, with r« := ri(X,T,C) > 0, i = 2, 3, due to the local Lipschitz 
continuity of er and a, we find that 

f T {{X( S ), b(u s ) - b(XI)))ds > -r 2 (A, C, T)S 
Jo 

J £ -((X(s), [a(u s ) - a(Xl)]X(s)))ds > -e 2 r 3 (A, C, T)5. 



Hence with r := r\ + r 2 + £ 2 r3, 



log^T > / [«A(a),« a - 6( 
JO L 

Set = e 2 A(s) and rewrite the above inequality as: 



«-))) " y«A( a ),aK)A( S )))Jds -r(A,T,C)<5. 



£ ./0 



((i/(s),u s -&(«,))) - -((u(s),a{u s )u(s))) 



ds 



This lower bound, along with (5.2), provides the following upper bound 



log P (21) 



< 







((v(s),u 3 - b(u s )}} - -((v(s),a(u s )v(s))) 



ds 



+ e 2 r 



(4t,o), 



Clearly lim £ ->o E 2 r(-^,T,C) < oo and, hence, 



lim lim e 2 log P (21) 



< 



((u(s),u s -b(u s ))) - -((v(s),a{u s )v(s)))\ds. (5.4) 



Since the left hand side of (5.4) is independent of v(s), (5.1) is derived by 
minimizing the right hand side of (5.4) with respect to v(s). Two difficulties 
arise on the way to direct minimization: 

- the matrix a(u s ) may be singular 

- the entries of v(s) should be continuously differentiable functions. 
Assume first a(u s ) is a positive definite matrix, uniformly in s, and write 

{{v(s),u a -b(u s ))) - ^({u(s),a(u s )u(s))) = ^\\ii s - b{u s )\\ 2 a - 1{us) 



1 



a 1 ^ 2 (u s ){u(s) - a 1 (u s )[u s - b(u s )]) 
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If the entries of a 1 (u s )[ii s — b(u s )] are continuously differentiable functions, 
then, by taking u(s) = — a~ 1 (u s )[u s — b(u s )] we find that 

rT 



lim lim e log P 



\u 8 -b(us)\\ a - HuB )ds. 



(5.5) 



In the general case, due to ||ti s || 2 <is < oo, the entries of a~ 1 (u s )[u s — b(u s )] 
are square integrable with respect to the Lebesgue measure on [0, T]. Choose 
a maximizing sequence v n (s), n > 1, of continuously differentiable functions 

such that lim n _ +0 o Jq \\v n (s) — a~ 1 (u s )[u s — b(u s )]\\ ds = 0. Since all the 
entries of a(u s ) are uniformly bounded on [0, T] 

rT 

lim / \\a 1 / 2 (u s )(v n (s)-a- 1 (u s )[u s -b(u s )])\\ 2 ds = 

and (5.5) holds too. 

Now we drop the uniform nonsingularity assumption of a(u s ). The upper 
bound in (5.5) remains valid with a(u s ) replaced by ap(u s ) = a(u s ) + (31, 
where (3 is a positive number and I is (d x d)-unit matrix: 

rT 



lim lim e log P 



1 f 

(21) < -- J litis - Hus)\\ 2 [a{Us)+m -ids. 



For any fixed s, the function ||ii s — ^(""s)||^ a ( u increases with (3 J. 

and by Lemma B.l possesses the limit 



lim K -&(«.) || f a(u , )+/n] - 



\u s - b(u s 



oo, 



a(u s )a (B (u s )[u s - b(u s )] 
= [u s - b(u s )] 

otherwise. 



Thus the required upper bound 

lim lim e 2 log P (21) 

,5^0 s^o v ' 



< < 



Io\\\u s -Hus)\\ 2 a B (Us) ds, 



oo, 



a(u s )a® (u s )[u s - b(u s )] 
= [u s - b(u s )], a.s. 
otherwise 



follows by the monotone convergence theorem. 

5.2. uo = xo, du t <C dt, ||it s || 2 ds = oo. We emphasize that du t <C 

dt on [0, T] implies f Q T ||« s ||ds < oo and return to the upper bound from 
(5.4). Since b and a are locally Lipschitz, one can choose a constant L 
(depending on u(s)), so that, \((i/(s),b(u s )}}\ < ||6(« s )||||i/(s)|| < L||i/(s)|| 
and {{v(s),a(u s )i'(s))) < L||z^(s)|| 2 . Then, (5.4) implies 

rT 



lim lime 2 log P (21) <- J ((v(s), u s )) - L\\u 



(■")ll-§H-)f 



ds. 



Let v n {s) be a sequence of continuously differentiable functions, approxi- 
mating the bounded (for each fixed p > 0) function L^ 1 u s I^ ils \\<p} m the 
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sense that lim^oo J Q \\z^sl{\\u 3 \\<p} ~ v n (s)\\ 2 ds = 0. Thus, 
lim lime 2 log P(2l) < -— / \\u s \\ 2 I{\\u s \\< p }ds + / \\u s \\ds 

o—>0 Jo JO 



-> — OO 



p^oo 



too as p t oo <oo 



6. Local LDP lower bound. 



□ 



If lim 5 ^ lim e ^o£ 2 logP(sup t < ecAT \Xf - u t \ < 5) < -Jt{u) = -oo, 
then the corresponding lower bound in the local LDP is equal — oo too. 
So in this section we examine the local LDP lower bound for Jt(u) from 
(5.1) when Jt(u) < oo. The latter means that we may restrict ourselves to 
analyzing test functions with the properties: 

(i) u = x 

(ii) dut <C dt 

(iii) a(ut)a® (u t )[ut - b(u t )} = [u t - b(u t )] a.s. 

r T (6- 1 ) 

(iv) J ||n t -6(n t )|| 2 e K) dt<oo, VT>0 

rT 

||ttf|| 2 (it < oo. 

IQ 

Another helpful observation is that (3.4) holds if for any C > 

lim lime 2 logP( sup \\Xf - u t || < s) > - J T {u) (6.2) 

due to 

( sup \\Xl-u t \\ <S\ C {sup||X £ -u t || <s}\\\e c <T} 

L t<0 c AT > L t<T ^ ^ J 

and (4.1). 

6.1. Nonsingular a(a:). In this section, the matrix a(x) is assumed to be 
uniformly nonsingular in x £ R, in the sense that a(x) > (5\ for a positive 
number 0. Let A(s) := a~ 1 (A A |)['u s — 6(X £ )] and introduce a martingale 

?7t = J e ° At j{{X(s), dB s )) and its martingale exponential it = e^' -0-5 ^*, 

t < T, where (U) t = f® cM jz\\\(s)\\ 2 ds. 

By (iv) and (v) of (6.1), (U)t < const, and, hence, E$t = 1- We use this 
fact in order to define a new probability measure Q £ by dQ £ = irdP. Since 
It is positive P-a.s., P <C Q £ as well and dP = j^dQ 6 . 

We proceed with the proof of (6.2) by applying 

p (2l) = Ll T ldQ f ( 6 - 3 ) 

to the set 21 = { sup t<6)c , AT \\Xf — u t \\ < <5}, and estimating from below the 
right hand side in (6.3). In order to realize this program, it is convenient to 
have a semimartingale description of the process Xq cM under Q £ . Recall 
that the random process Bq cM is a martingale under P with the variation 
process {B)q cM = (0c A t)I. It is well known (see e.g. Theorem 2, Ch. 



12 P. CHIGANSKY AND R. LIPTSER 

4,§5 in [13]) that -B<9 c At is a continuous semimartingale under Q e with the 
decomposition Be cAt = Bt + Af , where B t is a martingale (under Q e ) with 
(B)t = (B)& cA t and, by the Girsanov theorem, 

rB c At 1 

Af= / -<T-\XZ)[u,-b(XZ)]d8. 
Jo £ 

In particular, 

r0 c M 

X% M = u &c m + e / <r(X £ )ci£ s , t < T, Q £ -a.s. 
J o 

As the next preparatory step we derive the semimartingale decomposition of 
Ut under Q £ . As before, the continuous martingale Ut under P is transformed 
to a semimartingale under Q £ : 

U t = U t + A v t 

with continuous Q £ -martingale U t , having the variation process (U) t = (U) t , 
P- and Q £ -a.s., and a continuous drift Af = (U)t- 

Thus, U t = U t + (U) t , t < T, Q £ -a.s. and, thereby, 3 T X = e-^-^T. 
Consequently, (6.3) is transformed to 

P(2i) = j exp ^ U r p ^(U) T )dQ £ 

= y^exp ( - U T ~ ^ J o \\u s - 6(Xj)||*_ 1W) cfe)dQ e . 

We are now in the position to derive a lower bound for the right hand side. 
Replacing 2t with a smaller set 21 Pi 55, where 03 = {|e 2 C/r| < »?}, write 

P(2t) > I exp ( - ^ - -L /"° CAT ||^ _ b(Xl)f a - 1{xe) ds)dQ £ . 
Jan® v £ Ze Jo 

By the local Lipschitz continuity of b, a and the uniform nonsingularity of 

a(x), 

u s - b(XI)\\l_ 1{xl) - \\u s - b(u s )\\ 2 a - 1{Us) \ < l c (\\u,\\ + 1) 2 8, 5 < 1, 

on the set 2t n 23 for any s<O c f\T. Then, 

rT 



P(2l)> / exp {-\-^\ (\\u s \\ + l) 2 ds 

1 /-©cat 
"2^/0 \\us-b(u s )f a - 1{Us) ds)dQ* 

> f expf-^-^ / (lln.ll + l) 2 ^ 

~hl \\^-b(u s )\\ 2 a . 1{Us) ds)dQ £ . 

Consequently, 

lime 2 log P(2t) > -rj-Slc [ (\\u s \\ + l) 2 ds - J T (u) + lim e 2 log Q £ (2l n 03). 

e^O Jo e^O 
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We prove now that linin g e 2 log Q £ (21 PI *B) = by showing 
limQ £ (m a) = and lim Q £ (j? \ 93) = 0. 
To this end, recall that 

r0 c At 



fl\a=jesup / a(X £ )dB s 

^ t<T JO 

( ii r^cAT _ 

\ 03 = [e| jf a- 1 ^)^ - 6(X £ )]d£ s > r?}. 



(6.4) 



We verify (6.4) componentwise. Let L\ denote any entry of Jq &cM cr(X £ )dB s 
or jf cM a- l (Xl)[u s - b{X £ s )]dB s . We show that 

lim Q £ (esup \Lf \ > 5) = and lim Q^elL^I > 6) = 0. (6.5) 

In both cases, L\ is a continuous Q £ -martingale with (L £ )t = Jq g(s)ds and 
/r? Jo g{ s )dsdQ £ < °°- Then (6.5) holds by Doob's inequality: 

limQ £ (esup|L £ | > 5) < [ f g(s)dsdQ £ ► 0. 

Now, for any fixed 5 and 77, 

lime 2 log P(2t) > -r/ - Sl c [ (\\u s \\ + lfds - J T (u). 

e^O Jo 

The required lower bound 

lim lim e 2 log P(2t) > -J T (u) 
8^0 e^o 

follows by taking lim^_>o hm^o • ^ 

6.2. General a(a;). This part of the proof requires perturbation arguments. 
The idea is to use the already obtained local LDP lower bound for the 
uniformly nonsingular a(x). Let Wt be a standard d dimensional Brownian 
motion, independent of B t , defined on the same stochastic basis. Since b 
and a are assumed to be locally Lipschitz continuous, one can introduce the 
perturbed diffusion process controlled by a free parameter (3 G (0, 1]: 

X £ / = xo+ b{X £ /)ds + e [a(X £ /)dB s + y/pdW s ]. (6.6) 
Jo Jo 

The process X £ '^ , defined in (6.6), solves the Ito equation X s ' 13 = xq + 
Jq b(X £ '^)ds+e Jq [a(Xf '^)+/3I] 1 / 2 dBs ■ with respect to a standard Brownian 
motion fif = f*[a(Xs ,p ) + (3I]-^ 2 [a(X £ s ^)dB s + y/J3dW s }. Then the family 

{(X £,l3 ) t <T}e^o satisfies the local LDP lower bound. Indeed, the matrix 
ap{x) is uniformly nonsingular, its entries are locally bounded and satisfy 
the assumption (H-3) of Theorem 2.1 since 

{{x,a p (x)x)) ((x,a(x)x)) \\x\\ 

IN |«x,6(x)»| ||x|| |«x,6(x)»| + P |«x,6(z)»| 
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and converges to zero as ||x|| — > oo by (H-2). In particular, with 

© c = inf{i : H^'^ll > C} and no = xq, dut <C dt, J Q T \\iit \\ 2 dt < oo, we 
have 



lim lime 2 log P( sup ||X t £,/? - u t \\ < s) > 

5^0e->0 K t<0 c AT ' 

1 f T 

--/ ||^-6K)ll?a(« s )+/3I)-i rfs - ( 6 - 7 ) 
t/ 

Further, we will use (6.7) to establish 

Inn lime 2 log P( sup - u t \\ < 5) > ~ [ \\u s - b(u s )\\ 2 a(B(u )C Ls. (6.8) 

S^Oe^O V t<T ' I Jo y 31 



To this end, we introduce the filtration G e = (&f)t>o, with the general 
conditions, generated by (Xf , Xl ,l3 ) t > and notice that both 0q (see (4.2)) 
and are stopping times relative to G £ . Hence, 



4 = 0c A O c (6.9) 
is a stopping time as well relative to G £ . Obviously, 



lim lim e 2 log P(r^ < T) = -00. 

C— >oo £— >0 



However, the proof of (6.8) requires a stronger property: 



lim lime 2 log sup p(t£ < t) = -00. (6.10) 

C->ooe^0 ^(0,1] V J 



It is clear, that (6.10) is valid if it is valid with Tq replaced by © c . The 
latter is verified along the lines of Lemma 4.1 proof: 



e 2 log sup P(0 C <T) < - inf V(x) + V(x ) 
/3e(o,i] IWI> C 

Te 2 

+ — - sup sup I trace (Hf(x)[a(x) + /3I])\ +T sup sup IS^^x)! 
2 /9e(o,i] ||x||<C ' : /9e(0,l] ||x||<L 

inf V(x) + V(x ) + T sup sup ► -00, 

e^O || X ||>C /3e(0,l] ||x||<L C^ 00 
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where ® p V(x) = ((VV{x),b(x)}} + ±((W(x),a p (x)W(x))). We are now in 
the position to prove (6.8). With S < /3 1 / 4 , write 

{ sup \\X £ /-u t \\ < 5} 

= { sup \\X s /-u t \\<6}f){ sup \\X!-X e /\\<f\ 

U{ sup ||X t ^-u t ||<<5}n{ SU P \\Xt-X £ A\>P llA \ 
c{ sup \\Xf-u t \\<^}[]{ sup llXf-X^H^} 

t<Tg/\T t<TgAT 

U{ sup ||^-X^||>/3Vn 
c{ sup ||^-n t ||<2/3 1 /4| J[ sup \\ X f-X^\\>^} 
c{sup||X t £ -^||<2/3 1 / 4 }U{ sup llXf-X^I^/? 1 / 4 } 

UH<^} 



Hence, 

P( sup HXf^-utll < 5) < 3{ P( sup||X t e -ut\\ < 2 



t<r£AT 



t<T 



\Jp( sup ||^-^||>/3V4Wp (r g< T) l 



Clearly, 6>g can be replaced by Tq, and so 



1 ' T 



, "Us 

2 ' 



-Kus)\\ 2 iaiUs)+l3I) -ids < lin2£ 2 logP(sup||X t £ -n t || < 2^) 
V& 2 logP( sup \\Xt-X e /\\>^) 



't<T^AT 



V lime 2 log sup P(t£<tY (6.11) 

v e ->° /3e(o,i] v y 



Recall the following facts: 
1) by Lemma B.l and (6.1), 



rT rT 

}™J ~ 6 ^ s )H(«K)+/3i)- ids = y o ll^- 6 (^)lla©K) ds ; 

2) by Lemma C.l, 

lim TinTe 2 log pf sup \\X^ - X £ t ^\\ > /3 1/4 ) = -00; 
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3) by (6.10), limc^oolim^o^logsup^o !] ?(r^ <Tj= -oo. 

Hence, passing to the limit (3 — > and then C — > oo in (6.11) and taking 
into account 1) - 3), one gets the required lower bound 

limlime 2 logP(sup||X t e -«t|| <2(3 1 / 4 ) >-\! \\u s -b(u s )\\ 2 a<B( .ds. 

/?_►() e->0 V t<T ' & JO 

□ 



Appendix A. Exponential estimates for martingales 

Proposition A.l. (Lemma A.l in [10]) Let M = (M t ) t > , M t £ R, be 
a continuous local martingale with Mq = and the predictable variation 
process {M)t defined on some stochastic basis with general conditions. Let r 
be a stopping time, a and B positive constants and 21 some measurable set. 

(a) if M T - \{M) T >a on 21, then P(2l) < e""; 

(b) if M T > a and (M) T < B on 21, then P(2l) < e"2s; 

(c) P(sup t<T \M t \ > a, (M) T <B)< 2e~%s ; 

(d) P(sup t < T \M t \ >a)< 2e~%5 \J P((M) T > B). 

Appendix B. Pseudoinverse of nonnegative definite matrices 

Let A® be the Moore-Penrose pseudoinverse matrix of A (see [1]). 
Lemma B.l. For d x d nonnegative definite matrix A and x 6 R d , 

I ll^ll^ A A^T 1 — T 

lim((x,^ + /3I)- 1 x))= ~~ 

/3->0 I oo, otherwise. 

Proof. Let S be an orthogonal matrix, S*S = I, such that D := S*AS is 
a diagonal matrix. Then, due to S*(A + (31) S = D + (31, we have S*(A + 
pq-^S ={D + (3I)- 1 and S(D + (3I)- 1 S* = (A + /3I)" 1 . Write (y := S*x) 

{{x, (A + /SI)" 1 *)) = «s, S(D + /SI)- 1 ,?^)) = (£> + (3I)- 1 S*x)) 

= ({y, (D + (31)-^)) = <(y, (D + (3I)' 1 D D® y)) 
+ ((y,(D + (3I)- 1 (l-DD (S )y)). 

Since lim^ (^ + (3I)~ l DD® = D®, one gets 

lim((y, (D + (3iy l DD®y)) = \\yf m = \\x\\% 

while lim^o^y, {D+ (31)' 1 {1- DD®)y)) + oo only if {l-DD®)y = 0. Since 
the latter condition is nothing but (I — AA®)x = 0, the desired statement 
holds. □ 



Appendix C. Exponential negligibility of — X% 

We start with the auxiliary result. 
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Proposition C.l. Let Y t be a nonnegative continuous semimartingale de- 
fined on a stochastic basis (with general conditions): 

Y t = f ' h^Ysds + e f h 2 {s)Y s dM' s 
Jo Jo 

+ I h 3 (s)^/Y s dM' s ' + e 2 f5 [ h A {s)ds, (C.l) 
Jo Jo 

where hi(s),i = 1, ... ,4, are bounded predictable processes and M[, M" are 
continuous martingales, d(M') t = m'(t)dt, d(M") t = m"(t)dt, {M',M") t = 
with bounded m'(t) and m"(t). Assume that for any T > and (3 > 0, 



lim lim e 2 logP( sup \fY t > L) = — oo. 

Then, for any T > 0, 

lim lim e 2 log P( sup \ Y t \ > B l ^\ = — oo. 

Proof. Obviously Y t solves an integral equation 

\(s)^/Y s dM'^ + e 2 ph 4 (s)ds 



(C.2) 



Y t 



Jo L 



where St = exp ( J*q[/ii(s) — e 2 0.5h 2 (s)]ds + J * eh 2 (s)dM' s ) . Let for defmite- 
ness \h{\ <r, where r is a constant. Then, with e < 1, 

sup | log£ t | < T(r + 0.5r 2 ) + sup e [ h 2 (s)dM' s . 

t<T t<T Jo 

Hence the random variable sup f<T | log^| is bounded on the set 

{supje / h 2 (s)dM' s \ < C). 

t<T Jo 

Moreover, it is exponentially tight in the sense that 

lim lim e 2 log P ( sup | log £t\ > C ) = — oo. 

7^oo e— >0 V t< rp J 



The latter is implied by 



lim lime 2 log Pf sup \e [ h 2 {s)dM' s \ > c) = -oo 
C^ooe^O ^t<T Jo ' 



(C.3) 



(C.4) 



since the martingale N t = e J * h 2 (s)dM' s has (N) t = e 2 J * h 2 (s)m'(s)ds and, 
with some positive number n, we have e 2 h 2 (s)m'(s) < e 2 r\. Then, by taking 
into account that P((N)t > e 2 r\T) = and applying the statement (d) of 
Proposition A.l, we obtain P ( sup t<T | N t \ > C) < 2e~ c ' 7( 2 £ 2f, i T ) providing 
(C.4). 

Now we estimate sup t<T \ Y t \ on the set { sup t<T | log £ 1 1 < C} . Write 



sup \ Y t | < e Tre j3 + e sup 

t<T t<T 



f £; l e^h z {s)^/Y s dM'l 
Jo 
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This upper bound and (C.2), (C.3) reduces the proof of Proposition C.l to: 



lim lim e log P ( sup 



t<T 



Jo 

sup y/Yt < L, sup I log ^ I < C) = oo 

t<T t<T ' 

for any C > and L > 0. Introduce the martingale 

N" = [ S- l s^ff3hz{s)^/Y s dM'^ with (N") t = f £^ 2 e 2 f3hl(s)Y s m"(s)ds 
Jo Jo 

and denote <£ = { sup t<T \JY t < L, sup t<r | log £f | < C}. With r 2 > 
h^(s)Lm"(s), we find that 

(N") T < e 2C r 2 Te 2 f3. 

Hence, 



p(sup|7V t "| > Z? 1 / 4 ,^ = p(sup|iV t "| > /3 1 / 4 , (N") T < e 2C r 2 Te 2 f3,t) 

< p(sup|iV t "| > /3 1 / 4 , (N") T < e 2C r 2 Te 2 (5). 



By (c) of Proposition A.l the latter term is bounded from above by 

2exp (^4t^)' 

Then we obtain 

Ik e 2 logPf supliV/'l > /3 1/4 ,C) < 



2e 2C r 2 T/3 1 /2 ^ 



> — oo. 



□ 



We apply Proposition C.l in order to prove 
Lemma C.l. For any T > and C > 0, 



lim lim e 2 log P ( sup 1 1 X 



Kt^AT 
r e,(3 



t 



X t\\ > 



/3 1/4 ) 



-oo. 



Proof. Recall that X t e and X £ ' p solve (1.1) and (6.6) respectively and is 
given in (6.9). Set A* ,/J = X £ f - X% . By (1.1) and (6.6), 

r T c At 



+ e 



Due to the local Lipschitz continuity of b and a and with 0/0 = 0, the 
vector- valued and matrix- valued functions: 



/(*) = ' C 'Z,e,P y and 9(S) = ° 



IA 



IA 
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are well defined and their entries are bounded by a constant depending on 
C. Hence 



r T c At r T c M 
Af = / || A*/\\f(s)ds + e / \\A^\\g{s)dB s + e^W T 
Jo Jo 

Since ||A^|| 2 = ((A e t ' p , A e t ' }} , by the Ito formula, we find that 



\Aff= f t 2\\A^\\((A^J{s)))ds 
Jo 



rr c /\t 

+ e / 2||A^||«A;^( a )dB - » 
Jo 

r T c M (c 51 

+ / 2((A*/, dW,)) { ' ) 

Jo 

r T c At 

/ || A^|| 2 trace [ ff ( S )<?*( S )]d S 
Jo 



rrZAt 

+ e 2 ' ' 



+ e 2 /3(r^ A t)d. 

letting <j)(s) 

(C.5) as: 



Now, by letting cf>(s) = n ^ e '£* )} and dB s = HA \'& Bs} , we rewrite 



pr%ht 

\Aff = / W/fm 
Jo 



+ e 2 tiace[g(s)g*(s)]]ds 



T%f\t 



+ e / ||A^|| 2 dB s (C.6) 
Jo 

^,0 



) 

+ e 2 /3(r^ A t)d. 



s/ 

3|| 

s 



With the notations 

- Y t = \\A E /\\ 2 

- h^s) = I {t 0< s} {<P{s) + e 2 tTace[g{s)g*(s)]} 

- h 2 (s) = 1 °~ 

- h A (s) = I {T e< s} d 



| A ^||2 



AA o 



the equation (C.6) is in the form of (C.l). Since hi(s), i = 1,...,4 are 
bounded and y/Y t = \\X e f [ -X% J < \\X £ f \\ + \\X% J < 2C, i.e., (C.2) 

holds too, the statement of the lemma follows from Proposition C.l. □ 
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